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SUMMARY 
A s y n t h e s i s  technique  based on Liapunov's d i r e c t  method is developed i n  
r e l a t i o n . t o  time v a r i a b l e  n o n l i n e a r  m u l t i v a r i a b l e  sys tems.  It  is shown t h a t  
a s i m p l i f i e d  c o n t r o l  l a w  can be de r ived  when t h e  p l a n t  which may be i n t e r -  
a c t i n g  is caused t o  t r a c k  a l i n e a r  n o n i n t e r a c t i n g  model. The system des ign  
is shown t o  be  s t a b l e  i n  t h e  sense  of  Lagrange, t h e  u l t i m a t e  bound on t h e  
e r r o r  be ing  w i t h i n  t h e  d e s i g n e r ' s  c o n t r o l .  
t r a t e d  i n  r e l a t i o n  t o  t h e  a t t i t u d e  c o n t r o l  of a r i g i d  body. 
The s y n t h e s i s  t echn ique  is i l l u s -  
INTRODUCTION 
App l i ca t ion  of Liapunov's d i r e c t  method t o  t h e  s y n t h e s i s  of  c o n t r o l  
systems c o n t a i n i n g  a s i n g l e - i n p u t  s ing le -ou tpu t  p l a n t  w i th  n o n l i n e a r i t i e s  
and parameter  v a r i a t i o n s  has  appeared i n  t h e  1 i t e r a t u r e . l ~ ~  
t h i s  p a p e r  is t o  ex tend  t h e  a p p l i c a t i o n  o f  t h e  method t o  m u l t i v a r i a b l e  
sys tems.  
d i r e c t l y  t o  t h e  mul t i - i npu t  mul t i -ou tput  p l a n t ,  it i s  found t h a t  s e v e r a l  new 
facets of  t h e  des ign  problem appear  as a consequence of  t h e  ex tens ion .  
The purpose of 
Although t h e  s y n t h e s i s  procedure  is  fundamentally c a r r i e d  over 
The n a t u r e  of  t h e  problem may be descr ibed  wi th  r e f e r e n c e  t o  F ig .  1. 
I t  is  d e s i r e d  t h a t  t h e  q-input q-output p l a n t  should  fo l low a q-input 
q-output model whose o u t p u t s  are de f ined  t o  be t h e  d e s i r e d  o u t p u t s  of t h e  
p l a n t .  Although t h e  model i s  de f ined  by a set  of  l i n e a r  equa t ions  wi th  
c o n s t a n t  c o e f f i c i e n t s ,  t h e  p l a n t  i s  permi t ted  t o  be c h a r a c t e r i z e d  by non- 
l i nea r  e q u a t i o n s ,  i n  which parameter  v a r i a t i o n s  and d i s t u r b a n c e s  may be 
p r e s e n t ,  b u t  need be s p e c i f i e d  only i n  terms o f  t h e  bounds on t h e i r  v a r i -  
a t i o n s .  T o  f o r c e  t h e  p l a n t  t o  t r a c k  t h e  model, a n o n l i n e a r  c o n t r o l  l a w  is 
implemented which causes  t h e  e r r o r  between t h e  s t a t e  v e c t o r s  o f  t h e  model 
and t h e  p l a n t  t o  l i e  e v e n t u a l l y  w i t h i n  some r e g i o n  about t h e  o r i g i n  of  t h e  
e r r o r  s t a t e  space  ( a  Lagrange t y p e  s t a b i l i t y 3 ) .  I t  w i l l  be seen  t h a t  t h e  
s i z e  of  t h i s  r e g i o n  l i e s  w i t h i n  t h e  d e s i g n e r ' s  c o n t r o l .  
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Fig.  1 -- General  d e s c r i p t i o n  of t h e  m u l t i v a r i a b l e  system 
Although t h e  model, as w e l l  as t h e  p l a n t ,  may be i n t e r a c t i n g ,  it is 
shown t h a t  c e r t a i n  s i m p l i f i c a t i o n s  i n  t h e  c o n t r o l  l a w  can be achieved by de- 
f i n i n g  a n o n i n t e r a c t i n g  model. 
a c t i n g  model, t h e  p l a n t  may i n  t u r n  be  caused t o  respond very  n e a r l y  as a 
n o n i n t e r a c t i n g  system. 
By caus ing  t h e  p l a n t  t o  follow a n o n i n t e r -  
A s  i n  any s y n t h e s i s  procedure ,  care must be t a k e n  t o  see t h a t  t h e  con- 
t r o l l e d  inpu t s  t o  t h e  p l a n t  remain bounded i n  response  t o  bounded system 
i n p u t s .  I n  t h e  c a s e  of l i n e a r ,  t i m e - i n v a r i a n t  m u l t i v a r i a b l e  sys tems,  
boundedness i s  a s s u r e d  by p r o h i b i t i n g  t h e  c a n c e l l a t i o n  of nonminimum-phase 
terms as pa r t  o f  t h e  des ign  p r ~ c e d u r e . ~  
vary ing  p l a n t s ,  t h e r e  i s  u n f o r t u n a t e l y  no such s t r a i g h t f o r w a r d  approach 
which can be i n c o r p o r a t e d  i n  t h e  s y n t h e s i s  procedure  t o  i n s u r e  boundedness 
of t h e  p l a n t  i n p u t s .  
appears  t h a t  computer s i m u l a t i o n  i s  r e q u i r e d  t o  de te rmine  t h a t  p l a n t  i n p u t s  
do i n  fact  remain bounded. 
I n  t h e  case of n o n l i n e a r ,  t i m e -  
Hence, f o r  t h e  class of p l a n t s  t o  be c o n s i d e r e d ,  it 
The s y n t h e s i s  t e c h n i q u e  is a p p l i e d  t o  a t h r e e  d imens iona l  a t t i t u d e  
c o n t r o l  problem i n  which n o n l i n e a r  i n t e r a c t i o n  and u n c e r t a i n t i e s  i n  moments 
of  i n e r t i a  are  p e r m i t t e d .  R e s u l t s  of s i m u l a t i o n  s t u d i e s  are  p r e s e n t e d  i n  
which t h e  nonl inear  i n t e r a c t i n g  p l a n t  is r e q u i r e d  t o  f o l l o w  a l i n e a r  non- 




DEFINITIONS AND GENERAL MATIEMATICAL FORMULATION 
The p l a n t  t o  be c o n t r o l l e d  is t o  be def ined  by t h e  v e c t o r  equa t ions  
- A = _ _ _ _  g ( x ,  d ,  t )  + D(t )  - u 
v = c x  - - 
where 
v is a q dimensional p l an t -ou tpu t  v e c t o r ,  - 
u i s  a q d imens iona l  p l an t - inpu t  vec to r ,  - 
x i s  an n dimensional s t a t e  v e c t o r ,  composed of q s u b v e c t o r s ,  - 
where q > n - 
C is a . q  x n cons t an t  ou tpu t  mat r ix ,  
D( t )  i s  an n x q t ime-va r i ab le  p l a n t - i n p u t  ma t r ix ,  
g is  an n dimensional v e c t o r  func t ion  s a t i s f y i n g  c o n d i t i o n s  f o r  - 
e x i s t e n c e  and uniqueness of s o l u t i o n  of  ( l a )  under fo rce -  
free c o n d i t i o n s ,  
d is a q dimensional d i s tu rbance  vec to r .  - 
I t  is  t o  be r e q u i r e d  t h a t  ( l a )  can be put  i n t o  such form t h a t  t h e  s t a t e  
v a r i a b l e s  of t h e  p l a n t  a r e  made up of t h e  q o u t p u t s  and t h e  a p p r o p r i a t e  
number o f  deriv,q.tives of each of t h e  ou tpu t s .  
w i l l  t h e n  c o n s i s t  of one ou tpu t  and t h e  a p p r o p r i a t e  number o f  its d e r i v a -  
t i v e s ,  t h e  e lements  be ing  ar ranged  i n  ascending o r d e r .  
Each of  t h e  subvec to r s  of x - 
A c o n t r o l  l a w  is t o  be de r ived  which causes  t h e  nth o r d e r  p l a n t  t o  
track an nth o r d e r  model de f ined  by t h e  v e c t o r  d i f f e r e n t i a l  equa t ions  
where 
I J , = c x  4 
i s  an n dimenstonal ( d e s i r e d )  s t a t e  v e c t o r ,  composed of q 
s u b v e c t o r s ,  each of  whose elements are de f ined  and o rde red  
i n  a manner similar t o  the  e lements  of x above, 
3 
- 
3 is a q dimensional ( d e s i r e d )  ou tput  vec to r ,  
3 
- r is a q dimensional  s i g n a l - i n p u t  vector ,  
A i s  an 11 x n c o n s t a n t  s t a b i l i t y  mat r ix ,  
B i s  an n x q cons tan t  model-input m a t r i x ,  
C i s  t h e  q x n output  m a t r i x  as above. 
If  t h e  t r a c k i n g  errcr  i s  def ined  Ly The e r r o r  v e c t o r  
e = x  - x  - 4 -  
then  a v e c t o r  d i f f e r e n t i a l  equat ion  can be w r i t t e n  i n  t e r m s  of t h e  e ~ c n  
v a L ; ~ ~ ~ ~ e .  i n u s , u s i n g  (la), ( 2 a ) ,  and ( 3 1 ,  it is  p o s s i b l e  t o  group terms 
s o  t h a t  
..-.... -L 7 - -' 
with  f = -  Ax t g t Du - B r .  - - -- _I- - 
The c o n t r o l  o b j e c t i v e  is t o  produce a v e c t o r  f u n c t i o n  - u ( t )  which causes  
( 4 )  t o  have a stable e q u i l i b r i u m  i n  t h e  s e n s e  of  L a ~ r a n g e , ~  wi th  e q u i l i b r i u m  
a t  e = 0. I n  o t h e r  words, t h e  c o n t r o l  l a w  of  u ( t )  is  t o  be such t h a t ,  f o r  
a s u f f i F i e n t l y  l a r g e  va lue  of t i m e  t ,  t h e  system e r r o r  w i l l  l i e  w i t h i n  some 
s u f f i c i e n t l y  small reg ion  about  t h e  o r i g i n  o f  t h e  e r r o r  s t a t e  space .  
The approach t o  be  used i n  des igning  t h e  m u l t i v a r i a b l e  c o n t r o l l e r  is 
similar t o  t h a t  which has been a p p l i e d  i n  r e l a t i o n  t o  t h e  s i n g l e - i n p u t ,  
s i n g l e  - output  p l a n t  . 1'2 Ilowever , t h e  m u l t i v a r i a b l e  f e a t u r e  i n t r o d u c e s  t h e  
need for c o n s i d e r i n g  c o n s t r a i n t s  on c e r t a i n  m a t r i x  r e l a t i o n s h i p s  which are 
no t  p e r t i n e n t  t o  t h e  s i n g l e - v a r i a b l e  problem. 
f e a t u r e s  of  t h e  m u l t i v a r i a b l e  problem, a b r i e f  development o f  t h e  g e n e r a l  
s y n t h e s i s  procedure w i l l  be  p r e s e n t e d .  
Before t r e a t i n g  t h e s e  s p e c i a l  
Reca l l ing  t h a t  A has  been d e f i n e d  i n  ( 2 )  as a c o n s t a n t  s t a b i l i t y  m a t r i x ,  
it follows with  - -  f = 0 t h a t  ( 4 )  has  an e q u i l i b r i u m  s o l u t i o n  a t  e = 0 ,  and t h a t  
t h i s  s o l u t i o n  is a s y m p t o t i c a l l y  s t a b l e .  
apply t h e  theorem:3 
I t  is t h e r e f o r e  p e r m i s s i b l e  t o  
With A as d e f i n e d  above, fo r  any p o s i t i v e  d e f i n i t e  symmetric Q ,  t h e r e  
i s  a p o s i t i v e  d e f i n i t e  symmetric P which is a unique s o l u t i o n  t o  t h e  e q u a t i o n  
T P A t A  P = - Q .  ( 5 )  
Accordingly , f o r  t h e  t r i v i a l  s o l u t i o n  of ( 4 )  , namely w i t h  - -  f = 0 ,  t h e r e  is a 
Liapunov func t ion  d e f i n e d  by V(e) = eT P e for which '?(e) = - 2 Q 2 s  
however, t h e  f u n c t i o n  - f i n  ( 4 )  Ts so-defined t h a t  e = 0 c o n t i n u e s  t o  be t h e  
equi l ibr ium s o l u t i o n ,  t h e n  V(e) - can be a s s o c i a t e d  Gith-(4) wi th  - f o t h e r  t h a n  
T 
I f ,  
4 
( 3 )  
zero, i n  which case it is  found t h a t  
I t  fo l lows ,  i f  a u ( t )  can be found for t > t s o  t h a t  eT P f > 0 for t - > to, - - -- - -  0 
t h a t  t h e  e q u i l i b r i u m  s o l u t i o n  of ( 4 )  w i l l  cont inue  t o  be  a s y m p t o t i c a l l y  
s t a b l e .  Th i s  is  tantamount t o  s a y i n g  t h a t  t h e  p l a n t  w i l l  t r a c k  t h e  model. 
it is  no t  rea l i s t ic  t o  impose t h e  cond i t ion  for a l l  e t h a t  eT P - -  f > 0,  wi th  
t h e  r e s u l t  t h a t  t h e  c r i t e r i o n  f o r  asymptotic s t ab i l i - i y  m u s t b e  abandoned, and 
a less s t r i n g e n t  s t a b i l i t y  c r i t e r i o n  be imposed whereby t h e  e r r o r  v e c t o r  w i l l  
u l t i m a t e l y  l i e  w i t h i n  some f i n i t e  r e g i o n  about t h e  o r i g i n .  T h i s  p o i n t  w i l l  
be e l a b o r a t e d  upon i n  Desc r ip t ion  of t h e  Mul t iva r i ab le  Problem. 
p r e s e n t  it is  po in ted  ou t  t h a t  t h i s  reg ion  can be made a r b i t r a r i l y  small as 
a p a r t  of t h e  des ign  procedure .  
Due t o  c e r t a i n  p r a c t i c a l  as w e l l  as pu re ly  t h e o r e t i c a l  c o n s i d e r a t i o n s ,  1,2 
For t h e  
DESCRIPTION OF THE MULTIVARIABLE PROBLEM 
The assumption is made a t  t h e  o u t s e t  t h a t  a l i n e a r  s t a b l e  model has  been 
s p e c i f i e d  s o  t h a t  t h e  q ou tpu t s  r ep resen ted  by v i n  (2b)  form t h e  d e s i r e d  
ou tpu t s  of t h e  p l a n t .  
volve a comprehensive knowledge of  t h e  sys t em environment,  and w i l l  n o t  be 
t r e a t e d  i n  t h i s  paper .  
4 The f a c t o r s  e n t e r i n g  i n t o  t h e  cho ice  of t h e  model i n -  
Wr i t ing  t h e  equa t ions  f o r  t h e  model i n  p a r t i t i o n e d  form, t h e  n x n A 
m a t r i x  i n  ( 2 a )  may be r e p r e s e n t e d  by 
A =  
. . .  A12 
A21 A2 2 
A . . .  A 
. q l  9' 
where t h e  number of rows of each submatrix A i j  is e q u a l  t o  t h e  number of 
s t a t e  v a r i a b l e s  a s s o c i a t e d  wi th  t h e  ith ou tpu t .  
e q u a t i o n s  (1) and ( 2 )  r e l a t i v e  t o  t h e  choice and o r d e r i n g  of  t h e  s t a t e  
v a r i a b l e s ,  it fo l lows  t h a t  each d iagonal  submatr ix  Aii i s  iii t h e  canonic 
form 
From t h e  s t a t e m e n t s  under 
5 
A .  = ii 
for which it is  understood 
*L 
0 1 0 ... 0 0 
0 0 1 ... 0 0 
c! c! c ... i 0 
0 0 0 ... 0 1 
a a  al a2 a3 r-1 
t h a t  t h e r e  are r s t a t e  v a r i a b l e s  a s s o c i a t e d  wi th  
t h e  iL" ou tpu t .  
t h e  r s t a t e  v a r i a b l e s  by an output  and i t s  s u c c e s s i v e  r-1 d e r i v a t i v e s .  I t  
w i l l  be seen  t h a t  t h e  canonic  form i n  ( 8 )  is impor tan t  t o  t h e  r e s u l t s  which 
are t o  b e  developed. 
S p e c i f i c a l l y ,  t h e  form of  ( 8 )  has  been ob ta ined  by d e f i n i n g  
If each Aii h a s  t h e  form i n  ( 8 )  , t h e n  it fo l lows  t h a t  each o f f d i a g o n a l  
submatrix A j # i ,  i s  i n  t u r n  composed of  r rows of  which only t h e  elements 
of  t h e  l a s t  row can be o t h e r  t han  z e r o .  For t h e  s p e c i a l  case i n  which t h e  
model i s  des igned  t o  have n o n i n t e r a c t i n g  o u t p u t s ,  each submatr ix  A 
is i d e n t i c a l l y  ze ro .  These s t a t e m e n t s  are r e a d i l y  v e r i f i e d  by example, and 
w i l l  be exempl i f i ed  i n  t h e  I l l u s t r a t i v e  Example. 
i j  ' 
j # i ,  ij ' 
A s  a consequence of  t h e  assumed form f o r  t h e  p a r t i t i o n e d  A m a t r i x ,  it 














where e and f have each been p a r t i t i o n e d  i n t o  a s e t  of q s u b v e c t o r s  i n  ac- 
cordance with t h e  form of  x i n  (1). When w r i t t e n  i n  e x p l i c i t  form it w i l l  
be seen  t h a t  only t h e  last-element o f  each s u b v e c t o r  Li can be nonzero ,  as 
a f u r t h e r  and most impor tan t  consequence of t h e  cho ice  of s t a t e v a r i a b l e s ,  as 
d i scussed  p r e v i o u s l y .  
6 
With t h e s e  g e n e r a l  s t a t emen t s  about t he  form of  (71,  ( 8 1 ,  and (91,  it 
i's p o s s i b l e  t o  develop equa t ions  f o r  t h e  c o n t r o l  l a w  which apply s p e c i -  
f i c a l l y  t o  t h e  m u l t i v a r i a b l e  problem. 
Mathematical Formulation, 
e P f i n  ( 6 ) .  
e xp a<de d form 
A s  s t a t e d  i n  D e f i n i t i o n s  and General 
t h e  o b j e c t i v e  i s  t o  c o n t r o l  t h e  s i g n  of  
T T Toward t h i s  end, it is  d e s i r a b l e  t o  expres s  e P f i n  t h e  - -  - 
n T 
+ Pnmen) f m  e P f = C ( p  e = p  e +. . .  - l m  1 2m 2 m= 1 (10) 
where i n ,  as noted  above, a t  most q of  t h e  e lements  of f are nonzero.  I n  - 
I rn 
I o r d e r  t h a t  e l P  f > 0, it i s  s u f f i c i e n t  t o  r e q u i r e  t h a t  each o f  t h e  n terms - - -  
i n  t h e  summation of  (10 )  s h a l l  be  nonnegative.  
be denoted by 
L e t t i n g  t h e  ith term of  ( 1 0 )  
y . f .  (pliel + p2ie2 + . . . + pnien) f i  (11)  
1 1  
it is i n  t u r n  s u f f i c i e n t  t o  r e q u i r e  t h a t  f 
each element of f which i s  n o t  i d e n t i c a l l y  ze ro .  
elements o f  f ,  aFd t h e r e  are q elements of u ( t ) ,  it i s  r easonab le  t o  suppose 
t h a t  t h e  desFred c o n t r o l  func t ion  can be  found. 
t h a t  an a p p r o p r i a t e  u ( t )  can i n  fact  be  de r ived  w i l l  now he s p e c i f i e d .  
s h a l l  c a r r y  t h e  s i g n  o f  y i i f o r  
S ince  t h e r e  are q such 
Condi t ions  which gua ran tee  
- 
I By n o t i n g  t h e  assumed form of ( l a ) ,  it is  seen  wi th  r e f e r e n c e  t o  (4) 
t h a t  - f can b e  s e p a r a t e d  i n t o  two p a r t s ,  namely, 
If t h e  q-elements o f  f which a r e . n o t  i d e n t i c a l l y  z e r o  are now used t o  - 
form a q-dimensional v e c t o r  - f q ,  t h e n  ( 1 2 )  can be w r i t t e n  i n  reduced form as 
where D 9 ( t )  is a q x q mat r ix ,  w i th  elements d q i j ( t )  ( I t  is  assumed through- 
out  t h a t  dq i i ( t )  > 0 f o r  i = 1, 2 ,  . . . q  ). 
g iven  t o  y 
F i n a l l y ,  t u r n i n g  t o  t h e  d e f i n i t i o n  
I 
i 
I be a l t e r n a t i v e l y  w r i t t e n  as 
i n  (111, a q-element v e c t o r  yq can be  formed, s o  t h a t  (10) can 
- 
7 
According t o  t h e  des ign  procedure ,  a s o l u t i o n  for each u.  is  sough t ,  . 
1 
such t h a t  t h e  express ion  i n  (10) , or e q u i v a l e n t l y  i n  (14) , s h a l l  be  non- 
nega t ive .  This  can be  a s su red  by r e q u i r i n g  t h a t  t h e  fo l lowing  two con- 
d i t i o n s  s h a l l  be s a t i s f i e d ,  namely: 
and 
s i g n  u . ( t )  1 = s i g n  y q  i ( t )  (16) 
where hq is an element of hq and yq i s  an  element of yq. 
p r e s s i o n  f o r  I u.  ( t )  I depends upon t h e  e x t e n t  o f  t h e  in fo rma t ion  which i s  
known about t h e  parameters  and d i s t u r b a n c e s ,  and w i l l  be  developed subse-  
q u e n t l y  i n  I l l u s t r a t i v e  Cxample. 
An e x p l i c i t  ex- 
i - - 
1 
Examination of  (15) foi? s u c c e s s i v e  va lues  of i r e v e a l s  t h e  p o s s i b i l i t y  
o f  a mathematical incons i s t ency  a r i s i n g  i n  case  tiiere shoulu  be a dependence 
of u . ( t )  upon o t h e r  p l a n t  i n p u t s .  Fo r  example,  i f  each element of Dq were 
e q u a l  t o  u n i t y ,  t h e  i n e q u a l i t y  i n  ( 1 5 )  could  n o t  be  a s su red  f o r  each i arid 
a l l  t .  
must be  i n  t r i a n g u l a r  form. The i n e q u a l i t y  i n  ( 1 5 )  can then  be  s a t i s f i e d  
for each of t h e  q i n p u t s ,  i f  it is a d d i t i o n a l l y  r e q u i r e d  t h a t  Dq(t)  be of 
rank (1 f o r  any time t .  Th i s  is s e e n  t o  b e  guaranteed  by t h e  p rev ious  as- 
sumption t h a t  dq ( t )  > 0 f o r  each i = 1, 2 ,  . . . q .  
1 
This  mathematical  d i f f i c u l t y  can be removed by r e q u i r i n g  t h a t  Dq(t> 
ii 
A s  noted i n  C1 ,2 ] ,  use  o f  t h e  s i g n  f u n c t i o n  i n  de f in inE  u . ( t >  is un- 
1 
s u i t a b l e  f o r  t w o  r ea sons ,  t h e  one be ing  based  on p u r e l y  t h e o r e t i c a l  con- 
s i d e r a t i o n s  r e l a t i n g  t o  t h e  c o n d i t i o n s  f o r  e x i s t e n c e  of s o l u t i o n s ,  t h e  o t h e r  
be ing  concerned wi th  t h e  h igh  s e n s i t i v i t y  of t h e  s i g n  f u n c t i o n  t o  n o i s e  
which may be p r e s e n t  i n  t h e  measured v a r i a b l e s .  A s  a s o l u t i o n  t o  t h e  first 
of t h e s e  problems, and an a m e l i o r a t i o n  o f  t h e  second,  t h e  f u n c t i o n  s i g n  y 
w i l l  be  rep laced  by 
( 1 for y > l / k  
\ -1 f o r  y < - l/k 
8 
as p a r t  of t h e  des ign  procedure ,  wherein k ,  d e f i n e d  as a p o s i t i v e  number, 
is t o  be t r e a t e d  as a des ign  parameter.  
With s i g n  yq r e p l a c e d  by s a t  iC.y.' i n  t h e  expres s ion  f o r  u. ( t )  , it i 1 2  1 is no longe r  a s su red  t h a t  t h e  magnitudes of t h e  r e s p e c t i v e  p l a n t  i n p u t s  w i l l  
be l a r g e  enough t o  main ta in  e P f  > 0 as r e q u i r e d  i n  ( 6 )  t o  s a t i s f y  c o n d i t i o n s  
f o r  asymptot ic  s t a b i l i t y .  
a l t e r n a t i v e  d e f i n i t i o n  of  s t a b i l i t y .  
of n o n l i n e a r  time v a r i a b l e  p l a n t s  t h a t ,  when sat  ky r e p l a c e s  s i g n  y, t h e r e  i s  
for l a r g e  enough Values of  t h e  sat g a i n s  a r e g i o n  about  t h e  o r i g i n  2 = 0 
a u t s i d e  of which $(e) < 0, and t h a t  t h i s  r e g i o n  can be made a r b i t r a r i l y -  
small  by making t h e  g a i n  of  each sat f u n c t i o n  s u f f i c i e n t l y  l a r g e .  
p r a c t i c e  t h e  presence of measurement noise  would be taken  i n t o  consider-  
a t i o n  i n  e s t a b l i s h i n g  an  upper limit on the  magnitudes of t h e  sat ga ins .  
T 
- - -  
For t h i s  reason it i s  necessa ry  t o  t u r n  t o  an 
I t  is  shown i n  Appendix A f o r  a class 
In 
SIMPLIFICATION OF THE CONTROL LAW BY EMPLOYING A 
NONINTERACTING MODEL 
The purpose of t h i s  s e c t i o n  i s  t o  show t h a t ,  i f  t h e  model o u t p u t s  are 
n o n i n t e r a c t i n g  , it i s  p o s s i b l e  t o  s i m p l i f y  s u b s t a n t i a l l y  t h e  c o n t r o l  l a w ,  
no twi ths t and ing  t h a t  t h e  p l a n t  may e x h i b i t  ou tpu t  i n t e r a c t i o n .  
It  i s  assumed t h a t  A i s  a s t a b i l i t y  ma t r ix  of  a model i n  which t h e  
o u t p u t s  are n o n i n t e r a c t i n g .  If A i s  now assumed t o  be w r i t t e n  i n  t h e  p w -  
t i t i o n e d  form of  ( 7 ) ,  t h e n  P and Q i n  ( 5 )  can be s i m i l a r l y  p a r t i t i o n e d .  
u s i n g  t h e  s t a t e m e n t  t h a t  o f f - d i a g o n a l  submatr ices  of A are z e r o  (Aij 0 ,  
i # j )  due t o  t h e  preceding  assumption of n o n i n t e r a c t i o n ,  it fo l lows  t h a t  t h e  
fo l lowing  equa t ions  can be w r i t t e n  i n  terms o f  submat r i ces :  
By 
Q r n  * P A + A T P  = -  r n  nn rr r n  
Now if Q is shown t o  be of such a form t h a t  Qrn = 0 f o r  r # n ,  t h e n  (18) 
be comes 
P A + A T P  = O ,  r n  nn rr r n  r # n. 
If t h e  e lements  of  P 
form 
are denoted by p i j  , t h e  ( 1 9 )  can be recast i n t o  t h e  r n  
ME = - 0 ( 2 0 )  
where t h e  column m a t r i x  p c o n s i s t s  o f  a l l  of t h e  elements o f  Prn t aken  i n  any 
o r d e r .  
t i v e  d e f i n i t e  symmetric ma t r ix ,  i t  has  been s t a t e d  t h a t  P is a p o s i t i v e  d e f i -  
n i t e  symmetric m a t r i x  which i s  a unique s o l u t i o n  t o  ( 5 ) .  
- 
On t h e  assumption t h a t  A i s  a s t a b i l i t y  ma t r ix  and t h a t  Q is  a pos i -  
However, if ( 2 0 )  
9 
is  t o  provide a unique s o l u t i o n  f o r  t h e  elements o f  P 
preceding s t a t e m e n t ,  it follows t h a t  p = 0 must  be a s o l u t i o n ,  i . e .de te rmi-  
n a n t  of M must be nonzero i n  o r d e r  for ( 2 0 )  t o  have a uniq-ue s o l u t i o n .  
as r e q u i r e d  by t h e  r n  
I 
An a p p l i c a t i o n  of t h i s  r e s u l t  w i l l  be  made i n  t h e  example t o  be  t r e a t e d  
i n  t h e  fol lowing s e c t i o n .  
ILLUSTRATIVE EXAMPLE 
This example is  concerned w i t h  ccntro1:lng tile r o t a t i o n a l  ra tes  of a 
r i g i d  body about  i t s  p r i n c i p a l  axes .  
axes  are t o  be denoted by s ly  s 2 '  s 3 ,  and t h e  a n g u l a r  ra tes  about each of 
A s  i n d i c a t e d  i n  F ig .  2 ,  t h e  p r i n c i p a  
Fig.  2 -- Free body showing p r i n c i p a l  axes 
t h e s e  axes are  t o  be denoted by x 1, x3, x5 '  r e s p e c t i v e l y .  
assumed t h a t  : 
L e t  i t  f u r t h e r  
J .  is  t h e  moment of i n e r t i a  about  t h e  s .  a x i s  
1 
be 
d. is t h e  d i s tu rbance  torque  about t h e  s a x i s  
m .  is t h e  c o n t r o l l e d  torque about t h e  s axis  
1 i 
1 i 
5 as shown i n  t h e  f i g u r e .  
i n  terms of x x x can now be w r i t t e n  a s  fo l lows:"  
The E u l e r  equat ions  d e s c r i b i n g  t h e  r o t a t i o n a l  ra tes  
1' 3' 5 
( J 2  - J3)  dl ml + -  x3 x5 J1 J1 - -  x =  J1 1 
d2 m2 ( J 3  - J1) 
t -  x ----- - -  
xl x5 J2 J2 J 2  3 
(21)  
(J1 - J 2 )  d3 m3 
+ - a  - -- xl x3 J3  J3 x =  J3  5 
If t h e  t o r q u e  m .  is i n  t u r n  assumed t o  be r e l a t e d  t o  t h e  c o n t r o l l e d  v a r i a b l e  




Mi(s) = i = 1, 2 ,  3 ,  
T s + l  i 
(22)  
based  on t h e  assumption t h a t  a s imple  time c o n s t a n t  is conta ined  i n  each of  
t h e  t h r e e  t o r q u e  c o n t r o l l e r s ,  t h e n  t h e  p l a n t  dynamics are f u l l y  de f ined  by 
(21 )  and ( 2 2 ) .  
The problem is now t o  d e r i v e  a s e t  of s t a t e  equa t ions  i n  t h e  form of  (1). 
1' 
Toward t h i s  end it is  convenient t o  i d e n t i f y  a b lock  diagram which relates 
t o  t h e  motion of  t h e  body about one of its p r i n c i p a l  a x e s ,  such as s as 
shown i n  F i g .  3. S ince  t h e  dynamics of t h e  p l a n t  i n  r e l a t i o n  t o  t h e  s a x i s  
are c h a r a c t e r i z e d  by a second o r d e r  d i f f e r e n t i a l  e q u a t i o n ,  it is necessa ry  
t o  a s s i g n  two s t a t e  v a r i a b l e s  t o  t h e  p rocess ,  i n  t h i s  case x 
i n  t h e  f i g u r e .  
1 
and x 2 ,  as shown 1 
.? ,. 
I n  o r d e r  t o  w r i t e  t h e  equa t ions  i n  t h i s  form, it i s  assumed t h e  e f f e c t s  due 
t o  rates o f  change of i n e r t i a s  can be neg lec t ed .  
11 
I x,= v, 
- x2 z ,s+  I S 
* 
t 
x3 * 5  
Fig. 3 -- Block diaEram showing body dynamics about a x i s  s 1 
A t  t h i s  p o i n t ,  it might be noted  t h a t  t h e  s y n t h e s i s  procedure  does n o t  
r e q u i r e  t h a t  t h e  parameters of t h e  p l a n t  e q u a t i o n s  shou ld  be  s t a t i o n a r y  wi th  
r e s p e c t  t o  t ime.  However, i f  t h e  p l a n t  pa rame te r s  were r a p i d l y  v a r y i n g ,  it 
i s  p o s s i b l e  t o  show t h a t  bounds on c e r t a i n  d e r i v a t i v e s  of t h e  parameter  v a r i -  
a t i o n s  would normally have t o  be cons ide red  in f o r m u l a t i n g  t h e  c o n t r o l  l a w .  
12 
I n  t h i s  way, i t  i s  p o s s i b l e  t o  o b t a i n  a q u a n t i t a t i v e  s t a t e m e n t ,  w i t h  r e s p e c t  
t o  t h e  c o n t r o l  l a w  be ing  implemented, as t o  what c o n s t i t u t e s  a “s lowly  
vary ing  parameter.” 
i n  t h i s  pape r ,  bu t  is mentioned t o  emphasize t h e  fac t  t h a t  t h e  p re sence  of 
r a p i d  parameter v a r i a t i o n s  p r e s e n t s  no conceptua l  d i f f i c u l t y  i n  t h e  s y n t h e s i s  
procedure.  
LI 
This  a spec t  of t h e  problem w i l l  n o t  be pursued f u r t h e r  
- 
1 0 0 0 0 0  
c =  0 0 1 0 0 0  
0 0 0 0 1 0  I 9 
J2’ and J3  are s lowly  
va ry ing ,  it is permissable  t o  s t a t e  t h a t  t h e  block diagram i n  F ig .  4 is 
equ iva len t  t o  t h a t  of F ig .  3 wi th  r e s p e c t  t o  t h e  s t a t e  v a r i a b l e s ,  on t h e  as- 
sumption t h a t  T 
1’ Since  it is  assumed i n  t h i s  example t h a t  J 
2 is a known c o n s t a n t .  S i m i l a r  diagrams p e r t a i n  t o  t h e  s 1 
I 3 2 
I t  now becomes p o s s i b l e  t o  write t h e  fo l lowing  s e t  of p l a n t  s ta te  
equa t ions  i n  t h e  form of  ( l a ) :  
t 
2 x = x  1 
1 U 3 5  1 .  dl x x  x ( J 2  - J3) 
(X4X6 t 7) - - (dl  t -1 t - 
1 JIT 1 T 
x = - -  * t  
1 J1 1 J1 2 T 
4 k = x  3 
2 U d 2  x x  
T 
1 .  ( d 2  t -1 t - x ( J 3  - J1) 1 5  (x2xti t -1 - - x = - -  4 +  
2 J2  2 J 2  2 J2T 2 T 4 T 
(23)  
ti k5 = x 
3 U d3 x x  1 .  ( d 3  + --) + -- . x (J1 - J 2 )  1 3  (x2x4 - -) - - 3 J3  3 J3  3 J3T 3 t -  
x = - - -  G 
T T ti T 
By comparing (23 )  wi th  ( l a ) ,  t h e  i d e n t i f i c a t i o n  of g ( x ,  d ,  t )  and D ( t ) u  i s  
r e a d i l y  appa ren t .  = x 
v = x v = x t h e n  t h e  C mat r ix  i n  (lb) is g iven  by 2 3’ 3 5’ 
- -  - 
1’ If t h e  t h r e e  o u t p u t s  of‘ t h e  p l a n t  a r e d e f i n e d  as v 1 
( 2 4 )  
13  
I I I XI - x2 
- 
- UI 
-. JI ,- TIS+ I - S 
4 
Fig. I+ -- Equiva len t  r e p r e s e n t a t i o n  of  F ig .  3 wi th  r e s p e c t  
t o  t h e  v a r i a b l e s  x x 1’ 2 
The equat ions  correspondinE t o  ( 2 )  can be d e r i v e d  from a block diagram 
of t h e  model, t h e  ou tpu t s  of which are assumed t o  be t h e  desi.red o u t p u t s  of 
t h e  p l a n t .  I f  it is assumed t h a t  n o n i n t e r a c t i n g  c o n t r o l  of v v and v3 is 1, 2 )  
14 
. 
d e s i r e d ,  t h e n  an a p p r o p r i a t e  r e p r e s e n t a t i o n  of t h e  model might be t h a t  which 
is  shown i n  Fig.  5 wherein t h e  s t a t e  v a r i a b l e s  compris ing x 4’ and t h e  
F i g .  5 -- Block diagram of  model 
1 5  
component ou tpu t s  compris ing have been i d e n t i f i e d .  The s t a t e  equa t ions  
corresponding t o  (2a )  can now be w r i t t e n  as fo l lows :  
u 
I 
I I 0 1 i  
I 1 
I 0 I 0 
I 0 I I 
T I 
I - - - -   K 2  1 ‘  I 
I J20T 2 2 1  
I I 0 1 
I I 
0 I 0 I 
1 K3 1 
! J30T 3 T I - -  - -  3 
1 X 
.I 








i i  
J r  
1 0  1 
s 




J T  30 3 
where A , i n  (2a )  is  i d e n t i f i e d  wi th  t h e  squa re  ma t r ix ,  t h e  form of which i s  
s e e n  t o  agree wi th  t h a t  of ( 7 )  and ( 8 ) .  
s e r v e s  no purpose i n  t h i s  d i s c u s s i o n  s i n c e  only  t h e  column v e c t o r  B r  i s  
needed i n  t h e  a n a l y s i s .  
p r e s s i o n  f o r  t h e  C ma t r ix  i n  (2b)  is g iven  by ( 2 4 ) .  
o f  t h e  model are f u l l y  de f ined  by (24)  and ( 2 5 ) .  
To i d e n t i f y  an e x p l i c i t  form f o r  B 
I t  is e a s i l y  shown i n  t h i s  example t h a t  t h e  ex- 
Therefore  t h e  dynamics 
I n  o r d e r  t o  develop t h e  c o n t r o l  laws f o r  u u and u i t  is necessa ry  
3 ’  1’ 2’  
t o  ob ta in  an  e x p l i c i t  exp res s ion  f o r  t h e  e lements  o f  f i n  ( 4 ) .  
t h e  s e c t i o n  Desc r ip t ion  o f  t h e  M u l t i v a r i a b l e  Problem: t h a t  f l  = f = f = 0 ,  
t h e  r e s u l t s  of i n t e r e s t  are 
Noting from 
3 5 
1 i< r U 
J T  J T  
1 1  f 2  = - a21x1 - a22x2 t g2 - -- t --- 
101 1 1  
16 
wh’ere t h e  a 
i n  (251, and g2 ,  g4, g6 are t h e  elements of - g appear ing  i n  ( 2 3 ) .  
remaining d i s c u s s i o n ,  t h e  d e r i v a t i o n  of a c o n t r o l  l a w  f o r  u 
i l l u s t r a t e  t h e  method, s i n c e  t h e  equa t ion  f o r  u and u are s imi la r .  Hence 
f i n  (26)  is  t h e  term which w i l l  be d iscussed  i n  d e t a i l .  I t  w i l l  be advan- 
tageous  t o  expres s  f i n  t h e  form 
c o e f f i c i e n t s  re la te  t o  t h e  elements of t h e  squa re  m a t r i x  (A) 
i j  
, I n  t h e  




+ u  1 ( 2 7 )  J - r x  - a  J - r x  t J - r g  --- JIKlrl 1 
1 f = -  
( - a 2 1 1 1 1  2 2 1 1 2  1 1 2  Jl0 JITl 
I t  is  convenient a t  t h i s  p o i n t  t o  in t roduce  t h e  n o t a t i o n  Ji Jio + Jil, 
i o  ’ 
I t  i s  a l s o  u s e f u l  t o  s e p a r a t e  u i n  two 
wherein t h e  nominal v a l u e  of t h e  i n e r t i a  about t h e  s a x i s  i s  g iven  by J 
i ts  d e v i a t i o n  be ing  denoted by Jil. 
11‘ 2 p a r t s ,  namely, u = u + u 
s e v e r a l  p a r t s ,  so  t h a t  (27 )  may be expressed as 
i 
1 
The terms i n  f w i l l  now be grouped i n t o  1 10 
( w o + w  1 + u  10  t u  11 ) (28 )  
1 f = -  
JITl 
where w 
t a i n s  t h e  terms wi th  parameter  d e v i a t i o n s .  
c o n t a i n s  terms wi th  nominal va lues  of t h e  pa rame te r s ,  and w1 con- 0 
By i n t r o d u c i n g  t h e  a p p r o p r i a t e  feedback clround t h e  p l a n t ,  it is p o s s i b l e  
t o  s a t i s f y  t h e  equa t ion  u = - w which is e x p l i c i t l y  g iven  by 10 0 
u 1< ( r  - x,) -(J20 - J ) (T x x + x 3 5  x > .  10 1 1  30 1 4 6  ( 2 9 )  
L e t  us now assume t h a t  t h e  p l a n t  parameters have assumed t h e i r  nominal 
1 11 v a l u e s ,  i n  which case w = 0. If i n  a d d i t i o n  we l e t  u = 0 and assume t h a t  
(29 )  has  been s a t i s f i e d ,  it is  seen  t h a t  f 2  = 0. 
imposed on f 
a s y m p t o t i c a l l y  s t a b l e .  
h!ith s imi la r  c o n d i t i o n s  
and f 6 ,  it fo l lows  from ( 6 )  t h a t  t h e  e q u i l i b r i u m  a t  - -  e = 0 i s  
4 
The problem t h a t  remains i s  t o  implement u s o  t h a t  ( t i )  con t inues  t o  be 
AccordinF: t o  ( 1 5 )  
11 
n e g a t i v e  d e f i n i t e ,  even though w 
and (16), t h i s  w i l l  b e  accomplished i f  ( n o t i n g  that  u 11 is =sed i n  p l a c e  of  





s i g n  u 11 = s i g n  y 1 
where 
and from (11) 
That 
model i s  n o r i i n t e r a c t i n g ,  as d i s c u s s e d  i n  t h e  s e c t i o n  
Cont ro l  L a w  by Employing a N o n i n t e r a c t i n g  Model. 
y1 c o n t a i n s  only two terms i n s t e a d  of s i x  stems from t h e  f ac t  t h a t  t h e  
S i m p l i f i c a t i o n  of t h e  
I n  o r d e r  t o  s a t i s f y  ( 3 0 ) ,  use  is made o f  t h e  fac t  t h a t  bounds on t h e  
d e v i a t i o n s  of parameter  v a l u e s  and d i s t u r g a n c e s  are known, t h e s e  bounds be ing  
denoted by I .  I m .  I t  t h e n  fo l lows  t h a t  ( 3 0 )  w i l l  be  s a t i s f i e d  i f  
F i n a l l y ,  according t o  t h e  d i s c u s s i o n  l e a d i n g  t o  (171, it i s  necessary  t o  
modify ( 3 1 )  so  t h a t  
where k is a des ign  parameter .  I t  i s  shown i n  Appendix A t h a t ,  i n  t h e  
absence of n o i s e ,  a bound on t h e  t r a c k i n g  e r r o r  v a r i e s  i n v e r s e l y  w i t h  k 
However, i f  n o i s e  is p r e s e n t ,  t h e  n o i s e  l e v e l  a t  t h e  i n p u t  t o  t h e  p l a n t  i s  
p r o p o r t i o n a l  t o  k must be  found i n  
r e l a t i o n  t o  a real  system environment.  
1 
1' 
Therefore  an optimum choice  of k 1' 1 
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Resu l t s  of s i m u l a t i o n  s t u d i e s  are p resen ted  i n  which t h e  c o n t r o l  laws 
f o r  u u and u have been de f ined  according t o  t h e  preceding  d i s c u s s i o n .  
P r i o r  t o  t = 0,  t h e  model i n p u t s  were s e t  a t  r s o  t h a t  
0’ 
t h e  s imula ted  p l a n t  r e p r e s e n t e d  a free body with a c o n s t a n t  s p i n  ra te ,  r 
about i ts  s a x i s .  A t  t = 0 ,  a p u l s e  was app l i ed  t o  r whi le  ma in ta in ing  
r 
was ob ta ined  f o r  t h e  fo l lowing  parameter ad jus tments :  
1, 2’  3 
a 
= r 0 ,  r3 = r 1 2 0’ 
3 2 ,  
= 0 ,  r3 = r 
1 0’ 
The response  of  t h e  s imula ted  system t o  t h i s  s e t  of i n p u t s  
1. ( F i g .  6 )  -- P l a n t  parameters  have nominal v a l u e s .  I n  t h i s  
case, t h e  p l a n t  is  e s s e n t i a l l y  n o n i n t e r a c t i n g  as evidenced 
by t h e  fact  t h a t  v l ( t )  and v 3 ( t )  are h e l d  e s s e n t i a l l y  
c o n s t a n t .  
2 .  (F ig .  7 )  -- P l a n t  parameters  have assumed o t h e r  t h a n  nominal 
v a l u e s ,  bu t  w i th  u l l ( t )  = ~ ~ ~ ( t )  u 
expec ted ,  t h e  c o n t r o l  law i s  no l o n g e r  adequate ,  as evidenced 
by t h e  v a r i a t i o n s  which appear i n  v ( t )  and v ( t ) .  
( t  = 0. As is  t o  be 31 
1 3 
3. ( F i g .  8 )  -- P l a n t  parameters  have t h e  same va lues  as i n  Case 
2, b u t  t h e  n o n l i n e a r  c o n t r o l  law is now allowed t o  o p e r a t e .  
The p l a n t  response  i s  caused t o  be  e s s e n t i a l l y  n o n i n t e r a c t i n g  
as i n  Case 1. 
I t  w a s  observed t h a t  t h e  e r r o r s  can be reduced by i n c r e a s i n g  t h e  mag- 
n i t u d e s  of t h e  s a t  g a i n s ,  as was t o  be expec ted .  However, s i n c e  n o i s e  was 
no t  p r e s e n t  i n  t h e  s i m u l a t i o n  s t u d i e s ,  t h e  sa t  ga ins  were given a r b i t r a r y  
s e t t i n g s .  
tendency t o  grow wi thout  bounds. 
I t  was observed t h a t  t h e  t h r e e  c o n t r o l l e d  i n p u t s  showed no 
c ON CLUS I ON s 
The s n t h e s i s  of m u l t i v a r i a b l e  systems has  been recognized  as a d i f f i -  
c u l t  task.‘  I n  p a r t i c u l a r ,  s a t i s f a c t o r y  des ign  procedures  f o r  t a k i n g  i n t o  
account t h e  effects  of parameter v a r i a t i o n s  have no t  been developed t o  t h e  
same degree  of s o p h i s t i c a t i o n  as i n  t h e  case  of  s i n g l e - v a r i a b l e  sys tems.  
Th i s  i s  unde r s t andab le  when it i s  recognized t h a t  t h e  des i zn  approach t o  
m u l t i v a r i a b l e  systems has  been based l a r g e l y  on d i a g o n a l i z a t i o n  t echn iques  
wi th  a p p l i c a t i o n  t o  l i n e a r  systems. 
t h a t  t h o s e  t echn iques  be explored  which may be used t o  broaden t h e  ca t egory  
of  m u l t i v a r i a b l e  systems t h a t  can be t r e a t e d  by s y s t e m a t i c  s y n t h e s i s  pro-  
cedures .  The method advocated i n  t h i s  paper is  a t t r a c t i v e  in t h a t  it o f f e r s  
one such  o p p o r t u n i t y .  I t  i s  r e q u i r e d  only t h a t  t h e  ?.esired response  charac-  
ter is t ics  can be expressed  i n  terms of a l i n e a r  t ime- inva r i an t  model f o r  
wnich d e s i g n  t echn iques  are well e s t a b l i s h e d .  
It  is  p a r t i c u l a r l y  important t h e r e f o r e  , 
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Fig. 6 -- Responses with p l a n t  parameters  a t  t h e i r  nominal va lues  
Fig.  7 -- Responses wi th  p l a n t  parameters  a t  o t h e r  t h a n  nominal v a l u e s ,  
b u t  w i t h  non l inea r  c o n t r o l  l a w  i n o p e r a t i v e  
Fig.  8 -- Responses with p l a n t  parameters  as i n  F ig .  7 ,  bu t  w i t h  n o n l i n e a r  
c o n t r o l  l a w  o p e r a t i v e  
20 
A s  i n  any s y n t h e s i s  technique  which depends upon Liapunov's d i r e c t  
* drawback, due t o  t h e  adverse  effects of i n s t r u m e n t a t i o n  n o i s e  which may 
method, t h e  need for g e n e r a t i n g  h i g h e r  d e r i v a t i v e s  creates a p o t e n t i a l  
r e p r e s e n t  a s e v e r e  problem i n  t h e  esse of high-order  p l a n t s .  
as o t h e r  p r a c t i c a l  e n g i n e e r i n g  problems a s s o c i a t e d  wi th  an a p p l i c a t i o n  of 
t h e  method are thought  t o  be deserv ing  of continued s t u d y .  
This  as w e l l  
21 
APPENDIX A 
Derivation o f  a bound on t h e  s o l u t i o n  t o  t h e  errcr equa t ion  ( 4 )  
3 I t  is t o  be shown t h a t  t h e  s o l u t i o n  t o  ( 4 )  canbe u l t i m a t e l y  bounded 
i f  t h e  sat f u n c t i o n s  are used i n  p l a c e  of  t h e  s iEn  f u n c t i o n s  i n  Lqener- 
a t i n a  t h e  c o n t r o l  l m ,  ar,d t h a t  this bound can be made a r b i t r a r i l y  small 
by i n c r e a s i n g  t h e  s a t  g a i n s .  
bounded wi th  bound R if f o r  any - e ( 0 )  
The s o l u t i o n  i s  s a i d  t o  be  u l t i m a t e l y  
1 




To prove boundedness accord ing  t o  ( A l l  it i s  s u f f i c i e n t  t o  show t h a t  t h e r e  
is a reg ion  about t h e  o r i g i n  o u t s i d e  of  which V > 0, < 0 .  
I n  t h e  fo l lowing  d e r i v a t i o n ,  it is  assumed t h a t  i n  ( l a )  t h e  f u n c t i o n  
g ( x ,  5, t )  may con ta in  t ime v a r i a b l e  c o e f f i c i e n t s  which e n t e r  t h e  equa t ion  
e i t h e r  as m u l t i p l i e r s  o f  l i n e a r  terms i n  t h e  s t a t e  v a r i a b l e s ,  such as 
$(t> x i ( t )  , or as m u l t i p l i e r s  of product  terms i n  t h e  s t a t e  v a r i a b l e s ,  
such as $ ( t )  x i ( t )  x . ( t ) .  
s e t t i n g  Q = I f o r  s i m p l i c i t y ,  w e  o b t a i n  
Using ( 6 ) ,  ( l o ) ,  (ll), and (13), and a r b i t r a r i l y  
1 
where according t o  (13)  
I t  i s  now assumed t h a t  each element of u ( t )  is s p e c i f i e d  as i n  ( 1 5 1 ,  
except  t h a t  f o r  each u i ( t )  , s i g n  yiq is r e p l a c e d  by sat  k 
cordance wi th  (16). I t  fo l lows  t h a t  
2 ,  . . . q, I yi I 
s i g n  of  f f o r  t h e  c o n d i t i o n  t h a t  l y .9 )  < l / k i .  
4 i n  ac- i 'i 
- < 0 if f o r  each v a l u e  of  i = 1, 
9 l / k i .  I t  is only n e c e s s a r y ,  t h e r e f o r e  , t o  examine t h e  
1 
From (A21 and ( A 3 ) ,  w e  o b t a i n  
22 
{ince t h e  term 2(yq)TD9 - - u is always nonnegat ive ,  by n e g l e c t i n g  t h i s  te rm it 
i s  seen  t h a t  $ sa t i s f ies  t h e  i n e q u a l i t y  
(A51 can i n  t u r n  be expressed  i n  t h e  e x p l i c i t  form 
A more conse rva t ive  i n e q u a l i t y  de r ived  from (AG) is g iven  by I 
Here h ' h a s  t h e  g e n e r a l  form i 
I n  o r d e r  t o  o b t a i n  an upper bound on h';l it i s  expedient  t o  s u b s t i t u t e  
1) 
9 
x. = x - e i n t o  ( A 8 )  so as t o  e l i m i n a t e  i t s  e x p l i c i t  f u n c t i o n a l  dependence 
on - x. 
which invo lves  components of - e such a s  
terms may appear  which do n o t  c o n t a i n  components of - e ,  such as 
By having  assumed a s t a b l e  nodel ,  i . e .  A is  a s t a b i l i t y  m a t r i x ,  it f o l l o w s ,  
i f  mode l inpu t s  a r e  bounded, t h a t  ux 11 i s  a l s o  bounded. 
9 p u t s  and d i s t u r b a n c e s ,  a l l  terms i n  hi(%, 2, _E, d-, t )  a r e  known t o  be bounded, 
w i th  t h e  p o s s i b l e  excep t ion  of those  con ta in ing  components of e .  From t h e  
p reced ing  s t a t e m e n t s ,  and a knowledge of t h e  bounds on t h e  parameter  v a r i -  
a t i o n s ,  an  i n e q u a l i t y  can be de r ived  from (A71 of  t h e  form 
d ,  t )  may appear  It  fo l lows  t h a t  a group of te rms  i n  hi(%, 2, p, - 
1 d i  i 
e.  e w h i l e  ano the r  group of i '  1 j y  e 
d i y  Xd i  x d j '  x 




where N and M are f i n i t e  p o s i t i v e  numbers. A 
e q u a l i t y  can now be w r i t t e n  i n  t h e  form 
i i 
n n  n 
i=l j = 1  i=l 
h! < N .  ( C C / e i [  l e j [  t C lei 
1 -  1 
more conserva t ive  i n -  
) + M i .  
* 
( A 1 0  1 
I t  i s  convenient  a t  t h i s  p o i n t  t o  d e f i n e  a h y p e r s p h e r i c a l  s u r f ~ c c  of r d d i u s  
R by R = 
t h e  i n e q u a l i t i e s  
n 
i= 1 
I where I [ e l  - I = ( C ef)1!2 I n  a d d i t i o n  use w i l l  be made o f  
n n 2 1 / 2  c [ e i [  - < ( n  c e i )  
i=l i=l 
( A l l )  
and 
I t  follows , f o r  any va lue  o f  e ,  wi th  R = I le I I , t h a t  - - 
9 hi - < N .  1 (nR2 + n1l2 R) t M i .  
From t h e  s ta tement  fo l lowing  ( A 3 1  it is n o t e d  t h a t  t h e  s i g n  o f  V can be 
p o s i t i v e  only  when ly! 
t h e  terms I y? l  i n  ( A 7 )  is  r e p l a c e d  by l / k ,  where k is t a k e n  t o  r e p r e s e n t  a 
lower bound on t h e  sa t  g a i n s ,  t h e n  from (A7) and ( A 1 2 ) ,  a more c o n s e r v a t i v e  
express ion  f o r  V becomes 
< l / k i  fo r  a t  l eas t  one v a l u e  of i. Thus i f  each of 
11 
1 
1 a2R a 3 a V I - R  (1--)+-+- k 
2 
k k  
1, a2, and a where a are f i n i t e  p o s i t i v e  c o n s t a n t s .  I t  f o l l o w s ,  f o r  a 3' 
l a r g e  enough va lue  of  k ,  t h a t  V < 0 everywhere o u t s i d e  of some h y p e r s p h e r i c a l  
r e g i o n  of r a d i u s  R1, and t h a t  t h i s  r e g i o n  can be  made a r b i t r a r i l y  small by 
choosing, k as a l a r g e  enough lower bound on t h e  s a t  g a i n s .  
I t  is  concluded t h a t ,  f o r  a l a r g e  enough v a l u e  of k ,  t h e  s o l u t i o n  is 
u l t i m a t e l y  bounded s i n c e ,  f o r  any e ( O ) ,  ( A l )  i s  s a t i s f i e d .  I t  should  be noted 
t h a t ,  i n  t h e  absence of n o n l i n e a r  terms such as x.x 
e q u a t i o n s  of t h e  p l a n t ,  t h e  term a i n  ( A 1 3 )  does n o t  appear .  I n  t h i s  case, 
t h e  s o l u t i o n  is  u l t i m a t e l y  bounded for any k > 0 .  
i n  t h e  d e f i n i n g  
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